This paper, firstly, discusses the relationship between Buss's definition and Cook and Urquhart's definition of BASIC axioms and of IS 
Introduction and Definitions
In [1, 2] we introduced a hierarchy of formal theories of arithmetic called collectively Bounded Arithmetic; these theories were shown to have a very close connection to the computational complexity of polynomial time, the levels of the polynomial hierarchy, polynomial space and exponential time. Of particular interest is theory called S 1 2 which has proof-theoretic strength closely linked to polynomial time computability. Later we introduced an intuitionistic version of this theory called IS 1 2 and proved a feasibility result for this theory based on a realizability interpretation using a notion of polynomial time functionals [3] . Recently, Cook and Urquhart [7, 6] have given an alternative definition of IS 1 2 . They also gave an improved treatment of polynomial time functionals, introduced new powerful theories using lambda calculus, strengthened the feasibility results for IS 1 2 , and reproved the 'main theorem' for S The work in the first part of this paper was motivated by an desire to clarify the relationship between these two definitions of IS 1 2 ; more precisely, while reading Cook and Urquhart's paper I tried to verify their assertion that the bootstrapping argument for S 1 2 could be followed to bootstrap their version of IS 1 2 . As it turned out, there is a general reason why their assertion in true (Corollary 12) and it was not necessary to trace the bootstrapping argument step-by-step to formalize it in IS 1 2 . We show below that the BASIC axioms of Cook and Urquhart are not equivalent to the BASIC axioms of Buss; however, we also give an elementary proof that the different definitions of IS In the last part of this paper we show that S ¬A then IS 1 2 ¬A. An intuitionistic theory IS 1+ 2 which is apparently stronger that IS is shown in [5] is shown to be the intuitionistic theory which is valid in every S 1 2 -normal Kripke model; we prove here a proof-theoretic theorem needed in [5] .
We presume familiarity with the first part of chapter 2 of Buss [2] , with the definitions of IS base theory to which induction axioms are later added. However, the two definitions of BASIC are different; for reference, we list all 32 BASIC axioms of Buss and all 21 BASIC axioms of Cook and Urquhart in a table below.
We briefly review some definitions; see [2, 3, 7] for the full definitions. A bounded quantifier is one of the form (Qx ≤ t) and it is sharply bounded if t is of the form |s|. A (sharply) bounded formula is one in which every quantifier is (sharply) bounded. The class Σ We now define two variants of IS [7] . Both theories are formulated with PIND axioms which are (universal closures of) axioms of the form
Definition The theory IS 1 2 B is the intuitionistic theory which has axioms (a) All formulas of the form
with each B i a HΣ 
Consequences of the BASIC Axioms
We shall show that both formulations of the BASIC axioms imply the law of the excluded middle for atomic formulas. However, the two formulations are not equivalent: Buss's BASIC axioms imply Cook-Urquhart's BASIC axioms but not vice-versa. For the rest of this paper we let BBASIC denote the 32 BASIC axioms of Buss and CUBASIC denote the 21 BASIC axioms of Cook and Urquhart.
Proposition 1 The following formulas are intuitionistic consequences of both BBASIC and CUBASIC:
We are adopting the convention that a formula with free variables is a consequence of a theory iff its generalization (universal closure) is. So "x = x" means "(∀x)(x = x)", etc.
Proof Formula (a) follows from (B-6) or (CU-6). Formula (b) follows from (a) and (B-1), while (B-1) follows from (CU-15), (CU-16), (CU-18) and (CU-2). Formula (c) follows from (b), (B-7) and (B-2) or, equivalently, from (b), (CU-5) and (CU-1). Formula (d) follows from (c) and either (B-8) or (CU-4). Finally (e) follows from (a), (b), (B-8) or (CU-4), and (c). 2
Theorem 2 (Cook-Urquhart [7]) CUBASIC intuitionistically implies the law of the excluded middle for atomic formulas.
Proof The axiom (CU-6) states that x ≤ y ∨ y ≤ x; this plus (CU-3) intuitionistically implies x = y ∨ Sx ≤ y ∨ Sy ≤ x. Now formulas (d) and (a) imply x = y ∨ ¬x = y . Also from (CU-6) and (CU-3) we get y ≤ x ∨ x = y ∨ Sx ≤ y ; so by (d) and (a) and equality axioms,
The BBASIC axioms were originally formulated for a classical theory so no attempt was made to ensure that they were appropriate for intuitionistic theories; however, the next theorem shows that the BBASIC axioms do indeed imply the law of the excluded middle for atomic formulas.
Theorem 3 BBASIC intuitionistically implies the law of the excluded middle for atomic formulas.
Proof We prove a series of claims: 
Claim (B-ii): BBASIC intuitionistically implies
Proof: It is easy to prove that x + x = 2 · x and y + y = 2 · y using (B-26)-(B-28). Now the claim follows from axiom (B-30) since by (b) of Proposition 1, 1 ≤ 2. 
Claim (B-iii): BBASIC intuitionistically implies
x + x ≤ y + y + 1 ⊃ x ≤ y .
Claim (B-iv): BBASIC intuitionistically implies
Proof: To prove this, note that axiom (B-32) implies that either y = x + 1; one of these subcases holds by yet another use of (B-32). In either subcase we can use Claim (B-ii) or (B-iii), respectively, to show that x . A similar argument shows that The converse to Theorem 4 does not hold; before we prove this we show that adding three additional axioms to CUBASIC is sufficient to make it equivalent to BBASIC. 
Claim (B-v): BBASIC intuitionistically implies
x ≤ y ∨ ¬x ≤ y . Proof: By (B-6) twice, x ≤ y ∨ Sy ≤ x ∨ (y ≤ x ∧ x ≤ Sy). By (B-iv), this implies x ≤ y ∨ Sy ≤ x ∨ x = y ∨ x = Sy ; so x ≤ y ∨ ¬x ≤ y by (a) and (d) of Proposition 1.
Claim (B-vi): BBASIC intuitionistically implies
x = y ∨ x = y .
Theorem 6 The CUBASIC axioms do not (classically) imply the BBASIC axioms.
Proof We shall prove this by constructing a model of CUBASIC in which multiplication is not commutative, violating axiom (B-28). Let M be a model of S Another way that multiplication could have been defined in N * would be to
Equivalence of the Definitions of IS

2
Next we show that the two definitions IS All three of these steps are done by Cook and Urquhart in [7] ; our new contribution here is to give a simple proof of the third step that does not depend on the realizability or functional interpretations of IS [7] ) IS 6. Prove (y + y) · x = y · x + y · x by PIND on x.
Theorem 7 (Cook-Urquhart
7. Prove (y + y + 1) · x = y · x + y · x + x by PIND on x.
Prove x · y = y · x by PIND on x. This is (B-28).
9. Prove x + x ≤ y + y ↔ x ≤ y without use of induction. This follows from the fact that if x < y then x + x < x + y = y + x < y + y which can be derived from (CU-18).
Prove 1
This is (B-30).
2
The next theorem is relatively simple to prove; see Lemma 1.3 through Theorem 1.7 of [7] . [7] ) 
Theorem 8 (Cook-Urquhart
(1) IS 1 2 CU proves A ∨ ¬A for A a Σ b 0 -formula.
Lemma 9
The following are intuitionistically valid:
The proof of Lemma 9 is straightforward.
Theorem 10 (Cook-Urquhart [7] ) All axioms of IS (Frequently intuitionistic logic is formulated in the sequent calculus by restricting succedents to have only one formula; however, it still makes sense to talk about a sequent with more than one succedent formula being a theorem of an intuitionistic system. The way to do this is to think of the formulas in the succedent as being disjoined into a single formula.) By Corollary 11 ) The systems IS 1 2 We have shown that although the BBASIC axioms and the CUBASIC axioms are not equivalent, the different definitions of IS 
On the Choice of Axioms for IS
This fifth condition states that BASIC is a "sufficient" theory in the terminology of [4] . Note that the remark at the very end of section 2 can be used to show that the CUBASIC axioms are not sufficient. It is important that a theory be sufficient in order to be able to introduce new function symbols and use them freely in terms bounding quantifiers and it seems expedient that the BASIC axioms themselves be sufficient (without any induction). In addition, Theorem 4.10 of [2] seems to depend crucially on the fact that that BASIC axioms are sufficient.
Thus we prefer the BBASIC axioms, or equivalently and slightly more elegantly, the CUBASIC axioms plus (B-21), (B-28) and (B-30), over just the CUBASIC axioms. and Urquhart are able to obtain the main theorem for S 1 2 as a corollary to their Dialectica interpretation of the intuitionistic systems. By using our simplified proof of Theorem 11 above, the main theorem for S 
Conservation Results for S
